Natural and artificial light harvesting systems often operate in a regime where the flux of photons is relatively low. Besides absorbing as many photons as possible it is therefore paramount to prevent excitons from annihilation via photon re-emission until they have undergone an irreversible conversion process. Taking inspiration from photosynthetic antenna structures, we here consider ring-like systems and introduce a class of states we call ratchets: excited states capable of absorbing but not emitting light. This allows our antennae to absorb further photons whilst retaining the excitations from those that have already been captured. Simulations for a ring of four sites reveal a peak power enhancement of 35% under ambient conditions owing to a combination of ratcheting and the prevention of emission through dark state population. In the slow extraction limit the achievable current enhancement exceeds hundreds of percent.
Introduction -The absorption of light and the prevention of its reemission is essential for the efficient operation of a solar energy harvesting device [1] . From the many causes of device inefficiency, few are as fundamental and seemingly insurmountable as energy loss via radiative recombination: any absorption process must have a companion emission process. This inherent absorption inefficiency is a result of the principle of 'detailed balance' and constitutes a key contribution to the famous ShockleyQueisser efficiency limit [2] . However, pioneering work by Scully showed that it is possible to break detailed balance by blocking emission from excited states, given an external source of coherence [3] ; later work showed that this can be achieved by clever internal design alone, by using an optically dark state to prevent exciton recombination [4] [5] [6] . Such dark states are populated passively if the energy separation between dark and bright states falls into the vibrational spectrum of the absorbing nanostructure: dissipation then preferentially mediates transfer into states from which optical decay cannot occur. This is thought to play a role in photosynthetic light harvesters [7, 8] , e.g. by means of dynamic localisation reducing the effective optical dipole strength [9] .
However, dark states have the disadvantage that time spent in them is 'dead time' with respect to absorbing further photons. For thermal light the arrival times of photons at the absorber are governed by Poisson statistics so that even at low intensity there will always be some incident photons lost due to near-simultaneous arrival. In organic light harvesting systems the time needed to extract an exciton from such a dark state and turn it into useful energy is often orders of magnitude slower than typical light absorption rates [10, 11] , and so re-sults in the loss of subsequently arriving photons. This is particularly problematic if the incident sunlight is concentrated [12] prior to exposure to the photocell, as is for example the case in Refs. [4] and [13] . In this Letter, we will show that certain exciton states, which we will call ratchets, can be used to enhance photocell efficiency by enabling further absorption while preventing emission.
Model -We consider a ring of N identical two-level optical emitters, with nearest pairs coupled by a transition dipole-dipole interaction, governed by the Hamiltonian ( = 1):
where ω is the bare transition energy of the sites, S is the hopping strength, the σ ± i denote the usual raising and lowering operators which create and destroy an excitation on site i, and σ N +1 = σ 1 . Diagonalization can be achieved by the successive application of the Jordan-Wigner and Fourier transforms [14, 15] , whence the Hamiltonian becomes H s = K λ K |K K|. K describes the eigenstate with energy λ K and each K corresponds to a set of phase factors k i that describe the single exciton eigenstates of the ring (see [16] ). The eigenstates fall into a series of bands, where each state within a band contains the same number of excitons n = |K|, with |K| the number of elements in set K.
Optical transitions connect eigenstates differing by one exciton with rates proportional to
i . An explicit analytical expression for Γ K,K can be derived [15, 17] and is given in the Supplementary Information [16] .
We have found that certain of the eigenstates, which we will call optical ratchet states |K R , have the simul- taneous properties:
where Γ
is the sum of all transition rates connecting the ratchet eigenstate |K R to the adjacent band below (above) and δ i,j is the Kronecker symbol. For N = 4 explicit evaluation reveals that the single exciton band contains three such ratchet states with zero downward (emission) but finite upward (absorption) matrix elements, see Fig. 1b and Supplementary Information [16] . These states have energy ω, ω and ω − 2S, respectively, and identical absorption matrix elements of √ 2 relative to a single system. Generally, the N − 1 states below the highest energy state in the first band will be ratchet states: since the ground state can only be excited into the optical active bright state at the top of the band at ω + 2S, none of the lower states have decay pathways back to the ground state, but all can be further excited into the second band.
Dynamics -Using the standard light-matterinteraction Hamiltonian leads to the following dissipator for the coupling of our ring to the light field [18, 19] :
where ρ s is the density operator for the ring system, γ o is the inverse lifetime of a single emitter, N (ω Ω ) = (e ωΩ/(k B T ) − 1) −1 is the thermal occupancy of the optical mode with frequency ω Ω , the sum includes all
This dissipator describes collective interband transitions, consistent with recent work demonstrating that LH2 antenna rings with 27 chromophores operate as single quantum emitters [20] .
We now include a second kind of transition between systems states mediated by a local bath of phonons, based on an interaction given bŷ
whereâ q andâ † q are the creation and annihilation operators for the phonons of wavevector q with energy ω q and exciton-phonon coupling g q . This interaction commutes with i σ 
where the summation over ω q = ∆(l, ν, µ) is restricted to positive and non-zero frequencies. Although phenomenological, such a model is well founded: a common assumption is that the lowest energy state of an excited band is rapidly populated from higher energy states in the same band [11] . We go beyond that by resolving the full level structure of each exciton band for determining appropriate intraband transition rates. Reflecting the fact that phonon relaxation typically proceeds orders of magnitude faster than optical transition rates [21] , we fix the phonon prefactor as γ p = 1000γ o . This separation of timescales allows population to leave the bright states before reemission occurs.
To complete the photovoltaic circuit, we include an additional 'trap site' t, with excited state |α and ground state |β , where excitons are irreversibly converted into work. The trap Hamiltonian is H t = ω tσ + tσ − t , where ω t represents its transition frequency, and σ − t = |α β|. Henceforth, we shall thus work with the joint density matrix of ring system and trap, ρ = ρ s ⊗ ρ t . We will model three different processes for exciton extraction. The first uses idealised Lindblad operators effecting a one-way transition directly from the collective eigenstates to the trap; the other two use a more physically motivated coupling to a single site in the ring, either as a coherent or an incoherent hopping process.
Extraction from particular eigenstates of the ring can sometimes be achieved by suitable positioning of the trap: e.g. placing the trap at the ring's centre with equal coupling to all other sites allows extraction from symmetric states [19] . Unfortunately, this does not straightforwardly generalise to the more complex anti-symmetric dark states. For the special cases of N = 2, 3 alternating phases on the interaction terms achieves the desired coupling [4, 5] ; however, scaling up to more sites would require increasingly exotic molecular orbitals. We therefore implement the collective state extraction method using a set of operationally motivated Lindblad operatorŝ C i . For an empty trap state these move population from any eigenstate ofĤ s into lowest state in the exciton band below, exciting the trap in the process. We incorporate this process into our model through the dissipator
where γ x is the effective extraction rate. Once on the trap, excitons are assumed to undergo charge separation at rate γ t , which we model as an irreversible decay process.
Single site coherent extraction (as depicted in Fig. 1a ) is achieved simply by including the interaction HamiltonianĤ
where g x is the strength of the coupling between the ring site and the trap. For optimal extraction the trap's energy is resonant with the desired extraction level, i.e. the lowest state in the first exciton band, ω t = ω − 2S. For benchmarking purposes we shall also consider the case where no phonon-assisted relaxation occurs (γ p = 0) and where the trap is instead resonant with the bright state,
For an incoherent hopping process from a single site to the trap we simply include a dissipator:
instead of the coherent Hamiltonian (8) . For consistency the energy of the trap site is always adjusted as for the coherent process.
We next exploit the theory of quantum heat engines (QHE) [4, 13, 22] to provide a connection between our quantum absorber with trap and the current and voltage output of such a device. The action of a load across the device is mimicked by the trap decay rate γ t , which The former is given in solar temperature units, KS = 5800 K, other parameters are as in the Table I except for gx = γx = 0.
varies depending on the load resistance. Then the current is simply I = eγ t ρ α ss , with ρ α ss the steady state population of the excited trap state. The potential difference seen by the load is given by the deviation of the trap's population from its thermal distribution [4, 13] :
where k B is Boltzmann's constant and T p the (ambient) phonon bath temperature. In order to study the relationship between current, voltage and therefore power, we alter the trapping rate γ t . This also leads to two well-known limits: the 'open circuit' regime with γ t → 0 , I → 0 , eV → ω t (1 − T p /T o ) ≈ ω t , where T o is the temperature of the photon bath; and the short circuit regime with γ t → ∞ , V → 0.
Results -We proceed by finding the steady state of the following master equation which incorporates the optical and phononic dissipator as well as the trap decay process:
where
To expose the effect of the optical ratchets we shall contrast the full model of Eq. (11) with two specific cases: one without phonon-assisted relaxation (γ p = 0), meaning the system only undergoes optical transitions along the Dicke ladder of bright states [19] , and a second in which the ratchet states are rendered fully dark by artificially preventing them from absorbing light, a scenario we refer to as 'forced dark'. All results in this section are based on the steady state of the system for N = 4, obtained by an iterative numerical method performed with QuTip [23] , and using the default parameters from Table I unless explicitly stated otherwise. Our choice of FIG. 3: Power (solid) and its limit (dashed) as a function of voltage based on collective Lindblad extraction. Three scenarios are shown, ratcheting (blue), forced dark (green) and only bright states (red). The power limit is given by the maximum possible voltage multiplied by the current Pmax = I(1.8 + 2S) [4] . Model parameters are as in Table 1 and for ambient conditions: Tp = 300 K, To = 5800 K. The upper x-axis shows how the rate γt (here for the ratchets case) is varied over many order of magnitude for relatively small changes on the voltage scale. ω = 1.8 eV−2S differs from that in previous works [4, 5] : our subtraction of 2S ensures that the highest (bright state) level in the first band always remains at 1.8 eV and absorbs at a fixed frequency.
In Fig. 2 we display the steady state exciton population of the system without trapping as a function of optical and phonon bath temperatures. We compare the ratchet state structure to the forced dark case, finding that the ratchet enhancement is greatest in the hot photons, cold phonons regime. This is to be expected: hot photons quickly promote the system up the excited bands via ratchets, with cold phonons allowing a one-way protection of gained excitation energy. For forced dark states only one photon gets absorbed and the steady state population consequently plateaus at 1. By contrast, the ratchet states keep absorbing, allowing the steady state population to rise toward the infinite temperature limit of 2 (for N = 4). Fig. 3 compares P -V curves for three scenarios: ratchets, forced dark and one in which bright states are the only ones ever accessed, i.e. γ p = 0. In the last case the trap energy is tuned to the populated first bright state. As expected the ratcheting approach enhances current due to the avoidance of reemission, whereas the higher trap energy needed in the γ p = 0 case allows the device to draw current at higher voltages than when phonon relaxation is present. However, the ratchet approach always yields a significantly higher maximal power output than the γ p = 0 case, with the maximum occurring at a point where where the current increase due to ratcheting outweighs any voltage reduction. The forced dark approach delivers about 4% less peak power than the ratchet model, but significantly more than the γ p = 0 scenario, indicating that here a large part of the ratchet state advantage is due to the presence of dark states. This is expected since peak power occurs in the fast trapping limit where double absorption events are rare. However, arbitrarily fast charge separation and conversion may well constitute a major bottleneck in the photocell cycle for many real systems [10] . In the limit of small γ t , ratcheting unlocks current enhancements in excess of several hundred percent under ambient conditions (see Supplementary Material [16] ). The main panel of Fig. 4 shows the effect of the value of S on the achievable current and power for the three different extraction mechanisms. This dependence arises because the strength of the hopping interaction S determines the directionality of the phonon-assisted transitions: Downward transfer (away from the bright state) entails phonon emission at a rate proportional to N (ω q ) + 1, whereas upward transfer relies on phonon absorption proportional to N (ω q ). Since the relevant phonon modes are those matching the intraband energy gaps, (i.e. ω q ∝ S), N (ω q ) decreases with growing S at fixed temperature and so the dissipation becomes more directed to the lower states of each band, boosting the current. At the same time, the voltage drops with increasing S and finding the optimal balance of the two effects results in optimal power extraction.
Of the three extraction mechanisms, the idealised collective process achieves the best performance, followed by incoherent single site extraction (neither is very sensitive to the choice of γ x ). Fig. 4b shows the effect of varying r = g x /S on the peak current produced for coherent extraction. Stronger extraction coupling leads to higher current up to g x ≈ S/3, beyond which point the presence of H x,coh begins to spoil the optical properties we have derived for H s alone, leading to a drop in performance.
Curiously, for coherent extraction increasing S beyond a certain point becomes detrimental not only for the power but also the current (see Fig. 4a ). The coherent extraction mechanism relies heavily on resonance, and the trap is chosen resonant with the transition from the bottom of the single exciton band to the ring ground state. As depicted in Fig. 1b the trap is then also resonant with the transition between the double exciton mid-band states and the single exciton bright state. However, this secondary extraction route is blocked once the phononassisted transitions become entirely unidirectional as opposed to just having a downward bias. Fig. 4c explores this tradeoff relationship between phonon bias and current, revealing that a 9:1 down to up ratio is optimal across all temperatures we have studied.
Conclusion -We have investigated the absorption properties of coupled ring structures, inspired by the molecular rings that serve as antennae in photosynthesis. Considering a vibrational as well as an electromagnetic environment allows the system to explore the full Hilbert space rather than just the restricted subset of Dicke ladder states. We have shown that the off-ladder states possess interesting and desirable properties, which can be harnessed for enhancing both the current and power of a ring-based photocell device.
Our approach generalises existing concepts for dark state protection [4, 5] to arbitrary numbers of sites and importantly incorporates multi-exciton effects, which introduce the ratcheting effect as a distinct additional mechanism for enhancing the overall light-harvesting performance. The optical ratchet enhancement is particularly well suited to situations where exciton extraction and conversion represent the bottleneck of a photocell cycle. In future work it would be interesting to explore combining optical ratcheting with enhancements of the primary absorption process, for example by exploiting the phenomena of stimulated absorption [24] or superabsorption [19] . This work was supported by the EPSRC and the Leverhulme Trust. BWL thanks the Royal Society for a University Research Fellowship. EMG acknowledges support from the Royal Society of Edinburgh and the Scottish Government.
In this supporting document we sketch the diagonalisation of a coupled ring structure and give an explicit expression for its optical transition matrix elements. Further we present a discussion of the current enhancement achievable by optical ratcheting in the slow exciton conversion limit, and a discussion of the device performance in the presence of a concentrated light field.
I. RING STRUCTURE DIAGONALISATION
The Jordan-Wigner transformation maps a Pauli spin 1/2 system onto a 'hard-core' boson model [1] . This leads to a bosonic description of the collective excitons whilst maintaining Pauli's exclusion principle, which forbids double excitation of a single site. In our case each 'spin' represents one of N identical optical emitters / absorbers and the spin's 'up' / 'down' projection along the z-axis denotes the presence / absence of an exciton on the respective site. We assume a ring-like geometrical arrangement as shown in Fig. 1a of the main paper. Considering a ring rather than a spin chain with free ends will introduce the additional complexity of an alternating periodic or anti-periodic boundary condition depending on the number of excitations [2] .
The Jordan-Wigner transformation is achieved by introducing hard-core bosonic creation and annihilation operators, which are defined in terms of the Pauli spin raising and lowering operators as follows:
Here, the e iπ n−1 1 σ + j σ − j factors are traditionally referred to as 'strings', and their inclusion is necessary for producing the correct anti-commutation relation for fermions, which also apply to hard-core bosons:
Performing the transform (S1, S2) to the Hamiltonian of the main paper given by Eq. (1) yields: has been introduced to implement the required alternating boundary condition [2] . Note that this elegant and compact form of the Hamiltonian double-counts the interaction term for N = 2, but this is of no concern here since we are only interested in N ≥ 4.
Clearly, the operator e iπn commutes with the Hamiltonian (S5), so that the eigenvalues of e iπn are good quantum numbers. The system can thus be partitioned into two parity subspaces of even and odd exciton number n, each of which can be solved separately. We complete the diagonalisation with the help of the Fourier transform
where the k j are phase factors defined by
Each of the above N distinct k-values corresponds to a single exciton state of the system. The eigenstates of the full multi-excitonic system are given by combinations of these states. The eigenstates are thus defined by sets K whose elements are the k's, and where the number of elements in K represents the number of excitons in the state (|K| = n). The Pauli exclusion principle manifests itself by allowing only different single exciton states to form a multiple exciton state. The eigenvalues are then given by [2] 
with corresponding eigenstates
where |0 is the ground state. Obviously, Eq. (S11) yields an eigenstate with n excitations and each band comprises a total of N ! n!(N −n)! possible states. In its diagonalised form the Hamiltonian Eq. (S5) is then simply given by
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II. OPTICAL TRANSITON MATRIX ELEMENTS
The optical transition operatorĴ ± = N i=1σ ± i connects eigenstates differing by one exciton. The transition rates are proportional to Γ K,K = | K |J + |K | 2 and can be explicitly evaluated with the help of Slater determinants albeit involving 'some tedious calculations' [2, 3] , yielding:
, where δ(x, y) is 1 if x = y + 2πm for integer m and zero otherwise. The indices i, i , j, j inside the sums and products of the above expression refer to the elements of unique pairs of k-values composing K or K (see [2] for full details).
III. RATCHET CURRENT ENHANCEMENT
Figs. S1 and S2 show the device current output for the full model and for the dynamics being restricted to Dicke states (γ p = 0), respectively. In the limit of slow extraction the current I = eγ t ρ α ss (see main text) is closely related to the number of excitons present on the ring. Indeed, plotting n ss (as in Fig. 2 of the main paper) instead of the I displays very similar qualitative behaviour. For γ p = 0 and vanishing extraction (γ x → 0), the steady state of the system is simply given by a Boltzmann distribution across the Dicke ladder of bright states. Even when g x is optimised for efficient extraction, the population distribution of Fig. S2 on the Dicke ladder is not far from its thermal state due to the relatively slow trap decay process, γ t = γ o /10. Fig. S3 presents the enhancement achieved by combined dark-state protection and ratcheting compared to the γ p = 0 case. Clearly, there is a sizeable current enhancement present for the entire range of parameters shown, with the most impressive improvement achieved when the phonon bath is cold, i.e. phonon-assisted transitions into the ratchet states are predominantly one way. However, as evidenced by the enhancement persisting even at relatively high phonon temperatures, simply making these emission-protected additional levels accessible and spreading the population within each exciton manifold across all available levels already proves advantageous. Fig. S3 thus suggests that transitioning into ratchet states is beneficial across the entire range of temperatures shown. As expected, the enhancement is largest for cold phonons (providing one way escape into the nonemitting states). However unlike in Fig. 2 of the main paper the peak of the enhancement occurs for a colder photon bath: it is in this limit of rare photon absorption that dark state protection is extremely important and enables a huge advantage compared to a bright states only approach. By contrast Fig. 2 in the main paper shows the ratcheting enhancement over and above dark state protection, which becomes more pronounced when the likelihood of absorbing a second photon increases.
When allowing much faster conversion than absorption, γ x , γ t γ o , any photo-excited exciton will have been extracted long before any deleterious reemission process occurs. This is reflected in Fig. S4 , where for simplicity we keep g x fixed at the optimal extraction point and only vary the trap decay γ t . As γ t becomes an increasingly larger fraction of the spontaneous photon emission rate γ o , the relative enhancement offered by the phonon-assisted transition into ratchet states is reduced. Interestingly, a substantial current enhancement in excess of 200% persists up to matched absorption and trap decay rates.
IV. I-V CURVES AND POWER ENHANCEMENT
Figs. S5 and S6 compare the power, current and voltage output of the device as a function of the hopping strength S for two different levels illumination. Fig. S5 assumes thermal sunlight with n(ω o ) = 0.03 (where ω o = ω + 2S = 1.8 eV is the optical frequency absorbed by the bright state at the top of the first exciton band, and we use T = 5800 K). Fig. S6 displays results from a concentrated light regime where the ratio n(ω o )/(n(ω o )+1) ≈ 1. We choose a more moderate level of light concentration than that used in Refs. [4, 5] , here taking n(ω o ) = 10 as opposed to the n(ω o ) ∼ 60, 000 in those works. We have assumed ambient conditions (T = 300 K) for the phonon environment, and we compare the collective Lindblad and coherent extraction models.
The ratchet power and current curves in Fig. S5 are identical to those shown in Fig. 4 of the main text, we refer to the main text for a description and discussion of the qualitative features of those curves. As expected the collective Lindblad extraction provides an upper limit for the coherent extraction performance, which can, however, realise a significant fraction of this idealised scenario.
In addition, we here also present the case of no phonons (γ p = 0), which remains unaffected by an increasing S, since the bright state is kept at a fixed frequency ω o , and both absorption and trap extraction occurs into / from this level. The middle panel of Fig. S5 presents the voltage dependence on S, which is also not shown in the main paper. As discussed there, for ratcheting and extraction from the bottom of the exciton manifolds, the voltage must drop with increasing S, reflecting the fact the bare Table 1 of the main paper (ω = 1.76 eV, S = 0.02 eV, γ0 = 1.54 × 10 −9 /s, γp = 1000γo, γt = γo/10), with the exception of gx = S/3, i.e. a slightly stronger coherent extraction coupling but remaining in the limit of relatively slow trap decay. All other parameters are as in Fig. S1 , but note that the colour scale here covers a much smaller range. This plot is obviously independent of the phonon temperature, since phonon-assisted transitions away from the bright Dicke ladder states have been switched off.
trap transition frequency of ω − 2S ≡ ω o − 4S provides the major contribution to the voltage dependence on S for the device.
The power, given by the product of current and voltage, then displays an initial peak for ratcheting due to the current enhancement enabled by growing S. Once the current begins to level off, the voltage penalty paid for further increasing S then reduces the power. Overall an optimal value of S exists for maximising the power output when using ratcheting, which always exceeds the γ p = 0 case. For concentrated sunlight of n(ω o ) = 10, Fig. S6 displays largely the same qualitative behaviour. The main difference between these and the previous plots is that the ratcheting approach with collective Lindblad extraction now produces less current than its γ p = 0 equivalent: this is because the bright state possesses a much higher population due to the increased light intensity. In fact at this light intensity, the entire ladder of bright states is substantially populated, and extracting directly from the bright states becomes more efficient than spreading population across several other states in each manifold and extracting only from the bottom of each band.
Interestingly, in this case of high illumination intensity (and given our choices γ x and γ p ) when the extraction is phenomenologically defined by a collective Lindblad operator then directly using bright states is always better than using ratchet states. By contrast, for the more physically realistic case of coherent single site extraction there remains a power enhancement due to the ratcheting effect and dark-state protection. Table 1 and Fig. 4 of the main paper with To = 5800 K and Tp = 300 K, corresponding to thermal sunlight illumination and room temperature phonons. except for an occupancy of the photonic absorption mode of nω A = 10, corresponding to concentrated sunlight [6] .
